The spatiotemporal propagation behavior of a solitary wave is investigated on a Fermi-PastaUlam ring. We observe the emergence of a cnoidal wave excited by the solitary wave. The cnoidal wave may coexist with the solitary wave for a long time associated with the periodic exchange of energy between these two nonlinear waves. The module of the cnoidal wave, which is considered as an indicator of the nonlinearity, is found to oscillate with the same period of the energy exchange. After the stage of coexistence, the interaction between these two nonlinear waves leads to the destruction of the cnoidal wave by the radiation of phonons. Finally, the interaction of the solitary wave with phonons leads to the loss of stability of the solitary wave.
I. INTRODUCTION
Nonlinear waves can trace their history back to Russell's discovery of "the wave of translation" (now known as solitary wave or soliton) on the Union Canal in Scotland in 1834 [1, 2] . About 60 years ago Fermi, Pasta, and Ulam (FPU) introduced the FPU model to investigate the energy equipartition problem and the ergodic hypothesis in statistical physics [3] . The attempt to resolve the mystery of the FPU recurrence has led to the rediscovery of solitons [4] . It is now widely accepted that solitary waves are of great importance in diverse areas of science and technology [5] [6] [7] [8] [9] [10] . In addition to the solitary waves, some other kinds of nonlinear waves have also been studied in a variety of systems, such as intrinsic localized modes (or discrete breathers) [11] [12] [13] [14] [15] [16] and cnoidal waves [17] [18] [19] [20] [21] .
The remarkable stability of the solitary waves is one of the reasons why they have attracted much attention. An extensive literature on the subject of stability of the solitary waves developed. Usually, stability analysis of a solitary wave is considered with respect to the infinitesimally perturbation of the type exp(iQx + Ωt) and the dispersion relation Ω = Ω(Q) is derived. The solitary wave is said to be stable with respect to the perturbation if the real part of Ω is negative, while, the solitary wave is unstable if the real part of Ω is positive. Actually, for the unstable case, it is possible that the infinitesimal perturbation grows into a finite perturbation which is then stabilized by the nonlinearity [22] . The stability of solitary wave solutions of the Korteweg-de Vries (KdV) equation was worked out by Benjamin [23] , while the asymptotic stability of the solitary waves of the KdV * zgzheng@bnu.edu.cn and a class of generalized KdV equations was done by Pego and Weinstein [24] . Under the long-wavelength approximations, the FPU-α and FPU-β lattices result, respectively, in the KdV and modified KdV equations. The existence theorem for the solitary waves on the FPU lattices is established in Ref. [25] . The stability of solitary wave solutions on the FPU lattices at low energy was proven by Friesecke and Pego [26] [27] [28] [29] . However, there has been very little work done on the stability of solitary waves at high-energy level.
In the present paper, we construct a solitary wave moving on a FPU-β ring at high-energy level and study its spatiotemporal propagation behavior. We observed the loss of stability of the solitary wave. Three stages can be identified in the process of the loss of stability of the solitary wave. In the first stage, the solitary wave excites a cnoidal wave due to the modulational instability of the system. These two kinds of nonlinear waves coexist associated with the periodic exchange of energy between them. The module of the cnoidal wave (i.e., the module of the corresponding Jacobian elliptic function) oscillates with the same period of the energy exchange. In the second stage, the interaction of the cnoidal wave with the solitary wave leads to the radiation of phonons and the destruction of the cnoidal wave. In the third stage, the solitary wave loses stability due to the interaction with phonons. The process of phonon radiation can be shown directly by the spectral energy density (SED) method recently developed by Thomas et al. [30] .
II. MODEL AND METHOD
The Hamiltonian of the FPU-β model can be written as
where p n and u n denote the momentum and the displacement from the equilibrium position of the nth particle, respectively. In the absence of the quartic term, i.e., β = 0, the above Hamiltonian reduces to a one-dimensional harmonic lattice, which is integrable and can be analytically solved. The presence of the anharmonic terms breaks the integrability and brings forth kinds of nonlinear effects. The momentum excitation method is widely employed in the studies of modes excited on the lattices [31] [32] [33] [34] . To construct a solitary wave moving on a FPU-β ring, we firstly impart a momentum excitationp to the left end particle of an initially quiescent chain consisting of N 0 + N particles (-N 0 +1, -N 0 +2, ..., -1, 0, 1, ..., N) with free boundary condition. If the momentum excitation is large enough, a solitary wave could be excited at the left-hand side accompanied by a low-amplitude wave called the tail [32] . The solitary wave may isolate itself naturally from the tail as it moves coherently along the chain faster than the tail. When the solitary wave arrives at particle N/2, we reconnect particle 1 to particle N in order to form a N -particle ring. As long as N 0 is large enough and N 0 ≫ N , the tail will be wiped away and a solitary wave moving on a FPU-β ring is constructed. The fourth-order symplectic method is employed in order to solve the dynamics of the FPU-β model as a high-dimensional Hamilton dynamical system [35] . In the present paper,p = 10, N 0 = 5000, N = 100, k = 0.5, β = 0.126 and integration time step dt = 0.001 throughout the simulation (unless stated otherwise).
III. PROPAGATION BEHAVIOR OF THE SOLITARY WAVE
To understand the dynamics of the solitary wave, we resort to the evolution of the energy of the low-amplitude wave initially excited on the chain or later on the ring. For the lattice system (chain or ring) we are studying here, the energy of the low-amplitude wave is defined as the residual energy of the solitary wave. Due to the spatial localization of the solitary wave, one can write the low-amplitude wave's energy as
where E(t) is the instantaneous total energy of the lattice system. The local energy E n (t) of the nth particle is defined as
is the center position of the solitary wave at time t. n b denotes the number of the left/right neighboring particles of the center particle of the solitary wave packet. Numerically n b = 5 is enough due to the energy localization of the solitary wave. The increase of E W on the ring corresponds to the decrease of the solitary wave energy and vice versa considering that the total energy of the system is conserved. Figure 1(a) presents the time evolution of E W . It is clearly shown that the solitary wave moving on the ring may lose stability in despite of the lack of initially excited low-amplitude wave and boundary effects. To explore the underlying mechanism, we are now concerned with the evolution behavior of E W on a relatively short time scale as shown in the left-hand side of Fig. 1(b) . The fast increase of E W at the very beginning indicates the separation between the solitary wave and the tail. The moment t 0 corresponds to the construction of a solitary wave moving on a ring by connecting particles 1 and N.
It is instructive to analyze the momentum evolution behavior of the particles on the ring as depicted in Fig. 2 . As will be shown below, Figure 2 reveals the formation of a cnoidal wave and the coexistence of the cnoidal wave with the solitary wave. The equations of motion corresponding to the Hamiltonian (1) arë
where the dots represent the time derivative ∂/∂t. For analytical consideration, we use multiple scale analysis presenting u n as the multiplication of harmonic oscillation and smooth envelope function [36] 
where c.c. stands for complex conjugation. The appropriate slow variables are defined as ξ = ǫ(n−vt), τ = ǫ 2 t, where ǫ is a formal small parameter indicating the smallness or slowness of the variables before which it appears. v is the velocity of the cnoidal waves as will be shown below. Substituting (4) into Eq. (3) and neglecting the higher harmonics in a rotating wave approximation, in the first order over ǫ a well known dispersion relation for linear excitations in the FPU model is obtained
For the second order over ǫ, we have
We get the nonlinear Schrödinger (NLS) equation for the envelope function ϕ in the third order over ǫ
Following the standard process in Ref. [2] , a subfamily of exact periodic solutions in the form of cnoidal waves [expressed in terms of the Jacobian elliptic functions cn(x, m)] for the above NLS equation can be derived as where h 1 and h 3 are parameters which satisfy the relation
h3−h1 is the module of the Jacobian elliptic function, and C 3 and C 4 are the constants of integration. Physically, the elliptic parameter m may be viewed as a fair indicator of the nonlinearity with the linear limit being m → 0 and the extreme nonlinear limit being m → 1. If |h 1 | ≪ h 3 , then cn(x, m → 1) → sech(x) and the well-known envelope soliton solutions to the NLS equation (7) are recovered. If |h 1 | ≫ h 3 , then cn(x, m → 0) → cos(x) with vanishingly small amplitude. Substituting (8) into (4), with the help of ξ = ǫ(n − vt), τ = ǫ 2 t and ǫ = 1, we have
After the time derivative of u n and assuming that h 1 and h 3 are very small, the analytic formula for the cnoidal wave solutions of the FPU-β model (1) is obtained
Although the solitary wave is highly localized in space, it has an infinite span. When the solitary wave is restricted to a ring with finite size, infinitesimal perturbations will appear. Due to the modulational instability of the NLS equation (7) [37], the infinitesimal perturbation grows as shown in Figs. 2(a) and 2(b) . Since a more energetic packet samples the more anharmonic portions of the potential, one expects nonlinearity will play a much more important role as the magnitude of the lowamplitude wave increases. After a critical point, the lowamplitude wave may spontaneously self-modulate and split into "wave packets" as shown in Fig. 2(c) . These wave packets may coexist with the solitary wave associated with the periodic exchange of energy between them as indicated by the periodic oscillation of E W in the lefthand side of Fig. 1(b). Figures 2(c)-2(f) present the transfer of the energy from the solitary wave to these wave packets.
We shall here verify that the low-amplitude wave packets after the self-modulation is the cnoidal wave described by our analytic formula (10) . The time evolution data of a single particle is recorded (p 50 in the present work) and its low-amplitude part is compared with Eq. (10) It is clearly seen that the low-amplitude wave agrees well with the cnoidal wave. The interaction of the cnoidal wave with the solitary wave has two consequences, i.e., the slow variation of the amplitude as shown clearly in Fig. 3(a) and a spatial shift as shown in Figs. 3(b) and 3(d) .
Till now, we have focused on the first stage of the process of the loss of stability of a solitary wave on a FPU ring where a cnoidal wave is excited and coexists with the solitary wave. To get a deep understanding of the following stages of the process, the SED method is employed to predict the dispersion relations. Figure 4 presents the SED for the FPU-β ring in different time regions R 1 -R 6 indicated in Fig. 1(a) . The shading on the plot stands for the magnitude of the SED for each (Q, Ω) combination corresponding to a total integration time 2.5 × 10 Fig. 1(a) , respectively. The dark dots in (e) and (f) stand for the phonon dispersion relation of the corresponding harmonic lattice.
FIG. 5: (A1)-(A4)
: parts of the time evolution data p50(t) of the time regions R3-R6 indicated in Fig. 1(a) . Fig. 5(A4) . In Figs. 4(e) and 4(f), the dark dots stand for the phonon dispersion relation of the corresponding harmonic lattice. Due to the nonlinearity, the SED for the FPU-β ring in the equilibrium state shifts toward higher frequencies compared with the harmonic case as shown in Fig. 4(f) .
Nonlinear Hamiltonian systems may exhibit distinctly different dynamical behaviors for different energy levels. Since increasing the nonlinear parameter β is equivalent to increasing the energy in our model [38] , we investigated the propagation behavior of the solitary wave for β ∈ [0.1, 1] with sample interval ∆β = 0.001. Figure 6 (a) presents the time evolution of E W for β = 0.335 and the momentum distribution profiles among the particles for t = t b and t = t c are depicted in Figs. 6(b) and 6(c), respectively. Here, owing to the modulational instability of Eq. (7), the formation of the low-amplitude wave can be clearly observed. Although the cyclic energy exchange between the solitary and low-amplitude waves is found to be generic for β ∈ [0.1, 0.4], the low-amplitude waves may be complicated, rather than a simple cnoidal wave, where further studying is needed. When β is further increased, the cyclic energy exchange is rare and the solitary wave loses stability rapidly after the formation of the low-amplitude (cnoidal or complicated) wave. One typical example is shown in Figs. 6(d)-6(f) for β = 0.435. We explained that the system has entered the strong chaos regime and become very unstable [39] [40] [41] .
IV. CONCLUSION AND DISCUSSIONS
In summary, one possible mechanism of the loss of stability of a solitary wave on a FPU-β ring is revealed. We observed numerically the coexistence of a solitary wave with a cnoidal wave associated with the periodic exchange of energy between these two nonlinear waves. Due to the interaction of the cnoidal wave with the solitary wave, phonons can be radiated, which destroy the cnoidal wave and finally result in the loss of stability of the solitary wave. For some values of β in our FPU ring, the coexistence of the solitary wave and the cnoidal wave has no tendency to disappear up to 1 × 10 8 time unit (although the energy exchange may become quasi-periodic as time evolves). We should emphasize that these cases may correspond to the situations where linear unstable solitary waves are actually stable in the nonlinear sense [22] , and a more careful investigation is still needed.
In the framework of the one-dimensional NLS equation, the interaction of solitons (envelope solitons) with radiation (a nonsoliton part) [42] , continuous waves having constant amplitude [43] , cnoidal waves [44] , and continuous waves of arbitrary shape [45] has been studied both analytically and numerically. The bright solitons on a cnodial wave background train of the inhomogeneous NLS equation have also been investigated [46] . The theoretical analysis of the interaction between the solitons and the cnoidal waves in the NLS equation (integrable) is based on the construction of the exactly superposed solutions of these two waves. It is reported that the solitons can recover their original shapes and velocities after collisions, while shapes of cnoidal waves are nearly preserved during collisions [44] . In the FPU lattices, which are nonintegrable, however, the interaction between the solitary waves and the cnoidal waves is untouched before, to our knowledge. In the present paper, according to our simulation results, the interaction between these two nonlinear waves results in the energy exchange and the radiation of phonons. These findings might be helpful to find an appropriate approximation method to investigate the interaction theoretically.
In regard to the experimental observation and potential practical applications, we notice the nonlinear oscillations of a liquid drop. A liquid drop possessed a circular geometry in nature, and the studies of its free oscillations have a long history [47] [48] [49] [50] . The traveling waves on liquid drops are observed [51] and related to traveling deformations called "rotons" [52] . These rotons can range from small oscillations (linearized model), to cnoidal waves, and on out to solitary waves [52] . We hope that our results in the FPU ring might find applications in the fundamental study of the phenomenon in the liquid drops and also droplike systems, i.e., astronomical objects [53] [54] [55] and atomic nuclei [56, 57] .
